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Input layer (d° = 3)

1st hidden layer (d!!! = 4)
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Recall

| . Recall that

® L : Number of layers in the neural network

* d"': Number of neurons in the lth layer (I

* ol — (@[1”, . ?a[l]g])T c RAx1

0,...




plll b2 -
Recall NN
w il 7/ w2l Z

| . If we have only ONE training example (x, y), forward'pmpagation is
L = pltl Wil

° Broadcasting is used to obtain 2z and all

~ Column vectors are involved above

09 |

- Cost function
J =L=—{yloga® + (1 —y)log (1 —a")}
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Forward propagation

| . Suppose we have n training examples {(x;,y;) :t=1,...,n}

|
2. Denote X = (x1,...,x,)" € R"* 2T
i ] - (b[ll)T +
3. Forward propagation (using vectorization)
ZU — T L x . (WIHT ¢ R”dej i
A[l] _ J(Z[l:) c Rnde (b[l])T S5 ',L.rlf ; (
o d® ()T + a3 - (

Z[2] — b[2]—|-A[1] . (W[Q])T = Rnxdﬁ | _
S nxd® -
A2l — 0(2[21) c R@xa (BT 4 £T . (

® Broadcasting in Python is implicitly used above

4. Actually, we stack vectors row-wisely

Zhonglei Wang (XMU) 2-2 Neural Network with One Hidden Layer ITI (Version v1)



Forward propagation

| . Suppose we have n training examples {(x;,y;) : 1 =1,...

2

~
3

—

. Denote X = (x1,...,x,)" € R"*

. Forward propagation (using vectorization)

z1] _ (b[l])T—i—X :
Al — J(Z[li) = Rﬂxd“]j
z12l — pl2l L AN, (W[2])T c Rrxd? |

in)T c Rnxd“ |

Rnxdm

AP = 57" e

|

Al — J(Zm) _ (O'(Z-[l-]))

]

(Z[l]

® Broadcasting in Python is implicitly used above

4. Actually, we stack vectors row-wisely

Zhonglei

Wi

ne ([ XMU)

WN Eﬁ\\
X_;zll"_,A[l]“:,z[ﬂf*"_,A[‘z]“:,J{ﬂ}
" e o
w il w2l
,n}
i
(L% 2 - 1
(Z;; ii=1,...,mj5=1,...,d)



2|

Forward propagation NN

7 7

wlil w2l

| . Broadcasting makes Python code simpler, faster, and more memory-efficient

® (Code simplicity and readability
® Superior memory efliciency: Avoiding temporary copies

® Massive performance gains: Leveraging optimized C/Fortran code




Forward propagation UNN

/= Al /= zP Z— AR ——/— J(9)
) W:ﬂﬁ
| . For the previous example, we have d\% = 3. 4!l =4 4% =1
7 Thus,
Z[l} _ (b[l])T 4+ X (W[l])T c RRX4j
Al = J(Zm) s s
zl2l — pl2l L A1) (W[Q])T e R™*
A = 5(Z2) ¢ R7*!
At
€I (.5[21]
T u[f]
ﬂ':[al]
('L‘gl]
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Forward propagation S N

| . Cost function (cross entropy for binary classification problems)

1 2 2
== {yilogal + (1 - yi)log (1 - al”) |
J =~ 2 {y oga;” + (1 —yi)log (1 —aq,
’ a?} . Estimation for P(y; | ;)

2. The form of the cost function is determined by a specific problem
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Backpropagation NN
>

. Denote d- = %7—

2. Recall: For only one training example(x,y), we have
dz! = — gy, dbl? =dzB AWl = 4212 . (¢thT,
dz =d2 . D (WIEHT  qpltl = d2t)  dwll = qzlt . &7

D = diag({au[,fl](l — a?]) :j=1,...,d"})

3 Note that

® dz!? can be obtained from da!?, determined by the cost function

® dz!Y can be obtained from dal', derived from dz!?! directly by the computation

eraph
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Backpropagation NN
.

| . For general case, if we have n examples, the cose function is

1 . 8£(y’?a a’['g])
o = — b
n Z 00

=1

®* L(y,a): Loss function based on true label y and its estimator a

® Recall that L(y,a) = —{yloga + (1 — y)log(1l — a)} for binary classification problems

2. Thus, to obtain d@, we only need to take average of derivatives for training examples

~

3 We use vectorization

-



Backpropagation NN

[ .

I,-":]Il :-!|":§'.':

XT,z[l_,A[l;?zH_,A[]:,J{B}
Then, we have
dZ? =n=1(AP —Y), b =(@dzhT.1, awl = (az®#)T. A,
dZM = (dz?® - wthoos'(ZW), dbt = (dz"T.1, awll =@z"m*.x
®* o'(2) : Derivative of o(z)

> 0'(2) = 0(2){1 — 0(2)} for sigmoid function o(z) = {1 + exp(—2)}~!

U!(Z[l]) = (o'( 5})) S R”de . Derivatives for each element in Z!

LY,

®* o: Hadamard production (element-wise production)
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Detailed derivation NN

| . We first show the derivation of the derivatives associated with the output layer

7 Recall that the cost function is

3. To obtain dA? = (8‘_7/8(1[12]? . jﬁj/ﬁag])T c R"*1 we treat J as a function of A=

* Al2 = (@[2] N [2]) c Rnx1

1 9

* 4 is the estimated probability for P(y; = 1 | ;)

7

4. We can easily show that 8‘7/8(1&2} = n—l(a?: - y)/{a,?] (1 — a,?])}



Detalled derivation

- >
X \
X —— ZW = Al =/ 7l /5 AP =—= J(9)
N I
w il w2

| . Thus, we have

dA® = n7Y((a — 1) /{a (1 = aP)Y, ..., (@ —y,) /{alB (1 — )T
=n1D7!. (AP —Y)

* DcR"™"isa diagonal matrix, whose (i,7)th entry is a’? (1 — a?])

(2

N

. To obtain dZ®@ = (87 /027, ...,07/922)T € R"*1, we use the chain rule and treat J

as a function of A2, and A as a function of Z!

Z[Z] — (ZEQ] _ ZE])T c Rnx1

R

* 2]

. is the result after linear transformation in the second layer for the ¢th training example



Detalled derivation

N
| . Since both A2l and Z? are column vectors, we have
sz 00 _OAPY o7 oAy

0Z12l — 9zl  9gAll T 9zl

) Notice that
8(A[2])T

oz P

* Since a,?] is only a function of z | O(APNT /9212 is diagonal

* Since a,,?] = J(Z,EQ])j 8@&2] J 8z£2] = a,?]( 1 — E ), exactly the (4,4)th entry of D

3. Thus, we have
4z = n_l(A[Q] —-Y)



Detailed derivation NN

W'I] W‘Z]

| . To obtain db? = 0.7 /0b?!, we use the chain rule and treat j as a function of Z!2,

and Z'?! as a function of b2

D Thus, we have

0J o(ZzPHT oag
A" = g = (abm)  pam =1 1489 = (dZH)" 1

®* 1=(1,...,1)" is a column vector of length n with all elements being 1

° Each element in Z!? is a function of bl z?] — pl2l + W2l agl]

Thus, 92> /0bl2 = 1 and 212 /0b2 = (927 /0b12 ... 522 19pINT = 1
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Detailed derivation N

w il w2l

| . To obtain AW = 97 /0W 2 we use the chain rule and treat J as a function of Z?,

and Z2 as a function of W2

2. Since W2l is a row vector, not a column one, we have
(a”)"
g [2] 4 F
AW = 0z, : il — o 0J : : - (dZ[Q])T Al
— oW 2] az?] 842] 9,2 ( M)T
(I'??;
® Each element in Z? is a function of W2!: zz[Q] — pl2l + Wi2l. agl]
&

Thus, 927 /W2 = (a!)T

1
® The last equation holds by vectorization
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Detailed derivation UNON
— 7

| . Since (WE)T is a column vector, another way to obtain dW 2l is

| 8 \*' [ozZhT a7\ |
2] . o , i 2T . All]
W = (gopmyr) = (swenr azm) = @274

Each element in Z!? is a function of W2l: Z,?] — pl2l + W2l aél]

Thus, 922 /(WNT = g and 8(ZENYT/o(WNT = (&), ... all)) = (AT
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Detailed derivation NN
o 2

w il w2l

| . To obtain dA!Y = 97 /0A!Y, we use the chain rule and treat J as a function of Z!2l,

and Z2 as a function of A

Y e 1] . :
Z. Since AM € R**4" is a matrix, not a column one, we have

= 3z 8T < 8J 0T
1) _ i -y e, W = W2 = qz2 . wi
A T QAN T L BT 071 =4

azz[g]/ 0AM ¢ R4 has the same dimension with AU

* Plisa only function of the ith row of AlY: 21[2] = b2l + Wi2l. agl]

Thus, 62,:?] /8(a,£1])T — W and 82,?]/814[1] — e, - W

®* e,=1(0,...,1,...,0)" is a column vector of length n; all elements are zero but the ith being 1
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Detailed derivation NN

|. To get dZ!M = 07/0ZY | we treat J as a function of Al and Al a5 a functlon of Z!1l

2. Since Al ¢ R”de we have

n d n dl
CL
1] — SN [1] L hT — 1 5 5/ ( 7]
2= 35 o @m >.f>., () -ei-hf =daoo'(21")
=1 3=1 1=1 J:l i
’ @a[l 10ZM1 ¢ R"*4" has the same dimension with Z!!!
* &Y is a only function of the (7, 7)th el t of ZW: Y = 1
i y , 7)th element o Dy = cr(zij)
* Thus, da't! /921 = o' (z; 1 ]) and (9(1 /8Z o' () - e; - BT
9 i7 iy vJ ¢ J
® e, =1(0,...,1,...,0)" is a column vector of length n; all elements are zero but the ith being 1

1°*v~hj\;¢ (0,...,1,...,0)T is a column wvectorof lengthdl! ;all are zero but the jth being 1



Detalled derivation

[

2

I,-":]Il :-!|":§'.':

To obtain dblt = 8J/8b[1], we treat J as a function of Z! = (zgl] Z;E])T

and Z!1 as a function of bl

. 1]y .
. Since bl € R¥" %! ig a column vector, we have

bl bi2l
* ¥
\ \
X — Zi] ——= 7l “:;/ Zl8 == 4B =< 7(0)
o "
w il / w2l /

2 v v

B BT BT . 0T 2o BT
] = ? : e : - _ [1]\T
* Each row of Z! is a function of bll: (2!")T = (bINT 4 £T . (WHIHT

Thus, 9(z")T/oblt) = I

® I is an identity matrix of dimension dl!! x dl!!

Wi g I\l 2.2 t\;i'lll'é--! \.|| "-'-'ii.'! ne |||| Il || || :1'-..1 rsion vil)



Detailed derivation N N
[ .

2

2]

X — 7l =5 Al == zll =—5 Al =—5 J(6)

Z Z
w il '

W:E]

To obtain AW = 97 /0W U we treat J as a function of Z!! = (zz[;}), and Z1

as a function of Wl

. 1] 0] . .
. Since W ¢ Rd Xd™ i3 a matrix, we ha,ve

n ﬂ [1] rs n
0z, - dj 0
dWlll = ” - h;-x] = dZUIhT . x
= 1 i ¥ | = 1 ge=1 =1
* zi;] is only a function of the jth row of Wl = (’wgl],, e w([il[]l])T: z?[j] = bgl] + (wﬁl])T - 2
o

Thus, 9z,; /OWW = h; - 2]

° h; =(0,...,1,...,0)" is a column vector of length d"l: all are zero but the jth being 1
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Remarks UNN

| . For convenience, let A% = X

2 . Forward propagation and backpropagation can be coded up using for-loops
® Forward propagation: Based on the current model parameters, A!=Y is the “input’
for Z and Al
® Backpropagation: dA!Y is the “input” to obtain dbZl, dblY, dWl 4Z!-1]
and d A1
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(Batch) Gradient descent algorithm

Step |. Randomly initialize 8%

Step 2. Based on 89 obtain
0T

VT (6Y) = %(9“))

Step 3. Update parameter
o+l — gt) _ . VT (Q(t))

Step 4. Go back to Step 2 until convergence, or reaching maximum number of

1terations



Summary

| . Extend the single-hidden-layer neural network from single-sample computation

to vectorized training with multiple training samples.

® Data: Stack features row-wisely to obtain a design matrix X

® Forward propagation: Use current parameters to obtain cost, and broadcasting is

applied to improve computation efficiency
Backpropagation: Obtain average gradients by a chain rule and vectorization

® Gradient descent algorithm



